In this article we study a VOA with two Miyamoto involutions generating S 3 . In [M3], Miyamoto showed that a VOA generated by two conformal vectors whose Miyamoto involutions generate an automorphism group isomorphic to S 3 is isomorphic to one of the four candidates he listed. We construct one of them and prove that our VOA is actually the same as VA(e, f ) studied by Miyamoto. We also show that there is an embedding into the moonshine VOA. Using our VOA, we can define the 3A-triality in the Monster.
Introduction
Vertex operator algebras (VOAs) associated with the unitary series of the Virasoro algebras are very useful for studying VOA in which they are contained. This method was initiated by Dong et al. [DMZ] in the study of the moonshine VOA as a module of a tensor product of the first unitary Virasoro VOA L( , 0) defines an involution of a VOA in [M1] , which is often called the Miyamoto involution. In the moonshine VOA, this involution gives a 2A-involution in the Monster sporadic simple group M. There are many interesting properties related to the 2A-involutions. For example, Mckay noted that there are some mysterious relations between the E 8 Dynkin diagram and the 2A-involutions of the Monster. There are also some similar relations between the Y 555 -diagram and the Bimonster. For reference, see [ATLAS] [C] [Mc] . Motivated by the topics on 2A-involutions above, Miyamoto studied VOAs generated by two conformal vectors with central charge 1/2 whose Miyamoto involutions generate S 3 in [M3] and he determined that the possible inner products of such a pair of conformal vectors are 1/2 8 or 13/2 10 . Furthermore, he determined the possible candidates of VOAs generated by such two conformal vectors. When the inner product is equal to 13/2 10 , he showed that a VOA generated by such two conformal vectors is isomorphic to one of the following (Theorem 5.6 of [M3] ):
(1) L(
Unfortunately, these VOAs are just candidates and it is still unknown if they actually exist. In this paper, we construct a VOA U which has the same shape as that of the candidate (4). We show that in (4) there is a unique simple VOA structure and (++)-type structure and (+−)-type structure are isomorphic and conjugate of each other. We classify all irreducible modules and the fuion algebra for U and prove that it is a rational VOA. We also prove that it is generated by two conformal vectors with central charge 1/2 whose inner product is 13/2 10 and also we show that their Miyamoto involutions generate S 3 . Namely, U is the same as the VOA studied in [M3] and gives a positive solution for Theorem 5.6 (4) of [M3] . We further prove that the candidates (1)-(3) do not exist so that only the candidate (4) occurs (Theorem 5.3). Therefore, we can verify that U is contained in the moonshine VOA and using fusion rules for U-modules we can define the 3A-triality of the Monster (Theorem 5.4). Throughout the paper, we will work over the field C of complex numbers unless otherwise stated.
Preliminaries 2.1 The unitary series of the Virasoro VOAs
For any complex numbers c and h, denote by L(c, h) the irreducible highest weight representation of the Virasoro algebra with central charge c and highest weight h. It is shown in [FZ] that L(c, 0) has a natural structure of a simple VOA. Let r,s ), 1 ≤ s ≤ r ≤ m + 1, provide all irreducible L(c m , 0)-modules (see also [DMZ] ). This is so-called the unitary series of the Virasoro VOAs. The fusion rules among L(c m , 0)-modules [W] are given by L(c m , h r 1 ,s 1 ) × L(c m , h r 2 ,s 2 ) = i∈I,j∈J L(c m , h |r 1 −r 2 |+2i−1,|s 1 −s 2 |+2j−1 ), (2.3) where I = {1, 2, . . . , min{r 1 , r 2 , m + 2 − r 1 , m + 2 − r 2 }}, J = {1, 2, . . . , min{s 1 , s 2 , m + 3 − s 1 , m + 3 − s 2 }}.
GKO-construction
Let g be the Lie algebraŝl 2 (C) with generators h, e, f and relations [h, e] = 2e, [h, f ] = −2f and [e, f ] = h. We use the standard invariant bilinear form on g defined by h, h = 2 and e, f = 1. Letĝ be the corresponding affine algebra of type A
(1) 1
and Λ 0 , Λ 1 the fundamental weights forĝ. For any non-negative integers m and j, denote by L(m, j) the irreducible highest weightĝ-module with highest weight (m − j)Λ 0 + jΛ 1 . Then L(m, 0) has a natural structure of a simple VOA [FZ] 
with central charge 3m/(m + 2). Let m ∈ N. Then L(m, 0) is a rational VOA and {L(m, j) | j = 0, 1, . . . , m} is the set of all irreducible L(m, 0)-modules. The fusion algebra (cf. [FZ] ) is given by
and thus L(m, m) is a simple current module. A reasonable explanation why L(m, m) is a simple current is given in [Li1] .
The weight 1 subspace of L(m, 0) forms a Lie algebra isomorphic to g under the 0- 
The following decomposition is obtained in [GKO] : 6) where ǫ = 0, 1 and 0 ≤ n ≤ m. Note that h
m+2−r,m+3−s . This is the famous GKO-construction of the unitary Virasoro VOAs.
Lattice construction of L(m, 0)
Let A 1 = Zα with α, α = 2 be the root lattice of type A 1 and V A 1 the lattice VOA associated with A 1 . Let A where W (h) − is the σ-conjugate module of W (h) + . The dual modules are as follows:
where N(h) − is the σ-conjugate module of N(h) + . Also, the dual modules are as follows:
and N(h) * ≃ N(h) for the others.
The fusion algebra for N(0) is also determined in [LY] and [LLY] . To state the fusion rules, we assign Z 3 -graded names to irreducible modules (cf. [LY] ). Define
Theorem 2.6. ( [LY] and [LLY] ) The fusion rules for irreducible N(0)-modules are given as
where i, j ∈ Z 3 . Therefore, the fusion algebra for N(0) has a natural Z 3 -symmetry.
Simple current extensions
In this section we consider how vertex operator algebras are extended by their simple current modules (see also [L] ). Let D be an abelian group and V 0 a simple and rational VOA. Assume that a set of irreducible V 0 -modules {V α | α ∈ D} indexed by D is given.
One can easily verify the following lemma.
Lemma 3.1. Assume that ⊕ α∈D V α carries a structure of a D-graded VOA such that 
Since both
for all a ∈ V α and b ∈ V β . Recall that the associativity and the commutativity of vertex operators. Let x, y be any element in a VOA and v be any element in a module. Then there exist N 1 , N 2 ∈ N such that
The first equality is called the commutativity and the second is called the associativity of vertex operators. An integer N 1 depends on x and y, whereas N 2 does not only on x and y but also v. Using the commutativity (3.2) and the associativity (3.3), we can show that c(·, ·) : D × D → C satisfies the following:
Moreover, by the definition and by the skew-symmetry, we also have c(0, α) = 1 and c(α, β) = c(β, α) for all α, β ∈ D. Namely, c(·, ·) is a 2-cocycle on D and hence it defines a central extension of D by C. Since D is a direct sum of finite cyclic groups and C is algebraically closed, such a central extension splits and hence there exists a coboundary
Then by putting
This completes the proof. By the lemma above, we adopt the following definitions.
it satisfies that for every irreducible V 0 -module W , the fusion product (or the tensor product) X × W is also irreducible.
Clearly, if V D is a D-graded simple current extension, then it satisfies the assumption in Lemma 3.3. Let E be any subgroup of
also an E-graded and (resp. D/E-graded) simple current extension of V 0 (resp. V E ); the proof will be given in Lemma 3.10. See Remark 3.11. Let M be an irreducible V D -module. Since we have assumed that V 0 is rational, there
Proof: First, note that V α · W is a V 0 -submodule by (3.3). Moreover, the associa-
is not zero and then we prove that it is irreducible. If
Then we obtain
Therefore, V α · W is a non-trivial and irreducible V 0 -submodule of M.
Let M and W be as in the lemma above and assume that M is irreducible under
It is obvious that the definition of the D-stability is independent of the choice of an irreducible V 0 -module W .
We show that there exists a unique V D -module structure on ⊕ α∈D W α . Suppose that there are two
for all a ∈ V α . Then, by the associativity (3.3) we obtain
Therefore,ψ defines a V D -isomorphism between M andM . This completes the proof.
Remark 3.9. In the case that D is a cyclic group generated by a generator σ, the previous assertion claims that the structure of a σ-stable V D -module is unique over C.
Next, we consider the fusion rules for simple current extensions. The following assertion is a direct consequence of the associativity (3.3) for intertwining operators. Denote by
Then by a restriction we obtain the following injection:
Remark 3.11. By the lemma above, we can prove that for any subgroup
We prove that the injection π becomes an isomorphism in the case when
Lemma 3.12.
( [LLY, Lemma 5.3] 
Proof: The idea of the proof is almost the same as that of Lemma 5.3 of [LLY] . In it, they used a result of Huang. In [H] , Huang proved the following important theorem.
Theorem 3.13. [H, Theorem 3.2 and Theorem 3.5 
, and M 5 and any intertwining operators J 1 (·, z) and
, respectively, and they are analytic extensions of each other after fixing any choices of log z 1 , log z 2 and log(z 1 − z 2 ), where
Using the result of Huang above, we prove Lemma 3.12. By assumption, we have D-
respectively such that
because all V α are simple current V 0 -modules, where
12 f (z 1 , z 2 ) denotes the formal power expansion of an analytic function f (z 1 , z 2 ) in the domain |z 1 | > |z 2 | (cf. [FHL] ). Then, again by Theorem 3.13, we can find
We only need to show the associativity and the commutativity ofĨ(·, z). Let v β ∈ V β and w γ ∈ W γ . Then we have
and hence we obtain the following associativity:
Next we prove the commutativity of I α,β (·, z). We have
Thus, we get the following:
and hence we arrive at the following commutativity:
This completes the proof of Lemma 3.12.
In the rest of this section, we study a relation between automorphisms of V 0 and those of V D . Let σ be an automorphism of V 0 and denote by ( Definition 3.14. Two D-graded simple current extensions
⊕ α∈DṼ α are said to be equivalent if there exists a VOA-isomorphism Φ :
The following assertion will be needed later.
. By definition, we can take linear isomor-
Therefore, Ψ α is a V 0 -isomorphisms. Hence, we get the assertion.
Vertex operator algebra with two Miyamoto involutions generating S 3
In this section we study a VOA on which S 3 acts. First, we construct it from a lattice VOA. More precisely, we will find it in an extension of an affine VOA. Then we show that there exists a unique VOA structure on it. All irreducible modules are classified. At last, we prove that they are generated by two conformal vectors with central charge 1/2 and the full automorphism group is isomorphic to S 3 . Namely, it is the VOA of involution type A 2 in the sense of Miyamoto [M3] . 
Construction
. By (2.6) and the fusion rules (2.3) and (2.5), we can show the following.
Lemma 4.1. We have the following inclusions
Therefore, V L contains a sub VOA isomorphic to
Lemma 4.2. We have the following decompositions:
(4.1) Remark 4.3. Note that the sub VOA U has exactly the same form as stated in Theorem 5.6 (4) of [M3] . In the following context, we will show that our VOA U is actually the same as VA(e, f ) in [M3] .
Remark 4.4. By the lemma above, we note that L(
, 5) is a sub VOA of U, which completes the proof of Theorem 2.4.
We can also define U in the following way. For i = 1, 2, . . . , 5, set
Then H j , E j and F j generate a simple affine sub VOA L(j, 0) and
Then we may define U to be as follows:
(α 1 +α 2 +α 3 +α 4 ) .
(4.2)
Then we can show that both e and v i are contained in U 2 and e (1) e = 2e, e (3) e = ). Since the weight 2 subspace of U is 4-dimensional, we note that ω 3 , ω 4 , v 0 and v 1 span U 2 . In the next subsection we will show that they generate U as a VOA.
Structures
By Lemma 4.2, we know that there exists a structure of a VOA in (4.1). Here we will prove that there exists a unique VOA structure on it. By (4.1), U contains a tensor product of two extensions of the unitary Virasoro VOAs
, 3) and
, 5) (See Sec. 2.4-5). Since both W (0) and N(0) are rational, U is completely reducible as a
where ǫ i , ξ j = ±. Recall that both W (0) and N(0) have the canonical involutions σ 1 and σ 2 , respectively. Then they can be lifted to involutions of W (0) ⊗ N(0) and we still denote them by σ 1 and σ 2 , respectively. By our construction, U has a Z 2 -grading
. We note that this decomposition defines a natural extension of involution σ 1 σ 2 on W (0) ⊗ N(0) to that on U, which we will also denote by σ 1 σ 2 . Therefore, by Lemma 3.15 we have (W (
) ξ 2 and hence ǫ 2 = −ǫ 1 and ξ 2 = −ξ 1 .
Since we may rename the signs of the irreducible N(0)-modules of ±-type (cf. Remark 2.2), we may assume that ǫ 1 = ξ 1 .
after fixing suitable choice of ±-type of N( Proof: The decomposition is already shown. Since U is a Z 3 -simple current extension of W (0) ⊗ N(0), it is a simple VOA. So we should show that U 2 generates U. Since U 2 contains the Virasoro vectors ω 3 and ω 4 and highest weight vectors of W (
Therefore, by the fusion rules in Theorem 2.3 and Theorem 2.6, W (
Hence, U 2 generates whole of U. By the previous theorem together with the arguments in Section 3, we note that there exists the following Z 3 -simple current extension of W (0) ⊗ N(0).
Since U and U ′ are σ 1 -conjugate extensions of each others, they are equivalent Z 3 -simple current extensions of W (0) ⊗ N(0). Thus, we get the following. 
Hence, there is a unique Z 3 -graded VOA structure in (4.1).
Modules
Let U be the Z 3 -graded VOA as in (4.1). In this subsection we will classify all irreducible U-modules.
Lemma 4.7. Every irreducible U-modules is Z 3 -stable.
Proof: Let M be an irreducible U-module. Take an irreducible U 0 -submodule P of M. By Lemma 3.6, both U 1 · P and U 2 · P are non-zero irreducible U 0 -submodules of M.
It follows from the fusion rules for
and hence M has a Z 3 -grading under the action of U. This completes the proof. By this lemma and Proposition 3.8, the U 0 -module structure of each irreducible Umodule completely determines the U-module structure of it.
Lemma 4.8. Let M be an irreducible U-module. Then, as a W (0) ⊗ N(0)-module, M is isomorphic to one of the following:
Proof: Let M be an irreducible U-module and P 0 an irreducible U 0 -submodule of
The powers of z in an intertwining operator of type
where h X denotes the top weight of a U 0 -module X. Since the powers of z in Y M (·, z) belong to Z, by considering top weights we arrive at the candidates above.
Theorem 4.9. All irreducible U-modules are given by the listed in Lemma 4.8. That means, they are exactly U-modules.
Proof: We already know that if there exist U-module structures in the candidates in Lemma 4.8, then they must be unique by Proposition 3.8. So we only need to show that they are actually U-modules. Recall that U ⊗ L(5, 0) is a sub VOA of a VOA It is shown in [Li1] that
is an irreducible T -module. Then by using (2.6), we get the following decompositions:
Therefore, all candidates in Lemma 4.8 are U-modules.
Theorem 4.10. U is rational.
Proof: Let M be an admissible U-module. Take an irreducible U 0 -submodule P .
By Lemma 3.6, both U 1 · P and U 2 · P are non-trivial irreducible U 0 -submodule of M.
in an irreducible U-submodule. Thus M is a completely reducible U-module.
Conformal vectors
In this subsection we study the Griess algebra of U. Recall e, v 0 , v 1 ∈ U 2 defined by (4.2). Set
where the scalar k ∈ R is determined by the condition c, c = 3 5 /2 11 . Then {e, a, b, c} is a set of basis of U 2 . By direct calculations one can show that the multiplications and inner products in the Griess algebra of U are given as follows:
(4.5)
Using these equalities, we can show that the Griess algebra U 2 is generated by two conformal vectors e and f . Since U 2 generates U as a VOA, U is generated by two conformal vectors e and f . Thus Theorem 4.11. U is generated by two conformal vectors e and f with central charge 1/2 such that e, f = 13/2 10 .
Now we can classify all conformal vectors in U. First, we seek all conformal vectors with central charge 1/2. It is shown in [M1] that there exists a one-to-one correspondence between the set of conformal vectors with central charge c in U and the set of idempotents with squared length c/8 in U 2 . So we should determine all idempotents with squared length 1/16 in U 2 . Let X = αω + βe + γf + δf ′ be a conformal vector with central charge 1/2. Then by [M1] we should solve the equations (X/2)(1)(X/2) = (X/2) and X, X = 1/16. By direct calculations, the solutions of (α, β, γ, δ) are (0, 1, 0, 0), (0, 0, 1, 0) and (0, 0, 0, 1). Therefore, Theorem 4.12. There are exactly three conformal vectors with central charge 1/2 in U 2 , namely e, f and f ′ .
The rest of conformal vectors can be obtained in the following way. As shown in [M1] , conformal vectors and idempotents in the Griess algebra of U are in one-to-one correspondence. So we should seek all idempotents and their squared lengths in U 2 . Since we have a set of basis {ω, e, f, f ′ } of U 2 and all multiplications and inner products are known, we can get them by direct calculations. After some computations, we reach that the possible central charges are 1/2, 81/70, 58/35, 4/5 and 6/7. In the following, (α, β, γ, δ) denotes αω + βe + γf + δf ′ .
( 
Automorphisms
Let V be any VOA and e ∈ V a rational conformal vector with central charge 1/2. Then e defines an involution τ e of a VOA V , which is so-called the Miyamoto involution (cf. [M1] ). By Theorem 4.12, U has three conformal vectors e, f and f ′ . Since e τ f = e nor f and f τe = f nor e, we must have e τ f = f τe = f ′ . Therefore, τ e τ f τ e = τ f τe = τ e τ f = τ f τ e τ f and so (τ e τ f ) 3 = 1. It is clear that both τ e and τ f are non-trivial involutions acting on U and τ e = τ f . Hence τ e and τ f generate S 3 in Aut(U). We prove that τ e , τ f = Aut(U).
Theorem 4.13. Aut(U) = τ e , τ f .
Proof: Let g ∈ Aut(U). Since U is generated by e and f , the action of g on U is completely determined by its actions on e and f . By Theorem 4.12, the set of conformal vectors with central charge 1/2 in U is {e, f, f ′ } so that we get an injection from Aut(U) to S 3 . Since τ e , τ f acts on {e, f, f ′ } as S 3 , we obtain Aut(U) = τ e , τ f .
Recall the list of all irreducible U-modules shown in Theorem 4.9. We note that all of them are Z 3 -stable and each irreducible U-module contains one and only one of the following irreducible U 0 -modules:
Therefore, seen as U 0 -modules, all irreducible U-modules have the shape
and k = 0,
we denote an irreducible U-module of the shape U ⊠ U 0 (W (h) ⊗ N(k)) with h = 0, by Ind U U 0 W (h) ⊗ N(k) to emphasize that it is a U-module. Using this notation, the fusion products for irreducible U-modules can be computed as follows: Theorem 4.16. All fusion rules for irreducible U-modules are given by the following formula: 6) where h 1 , h 2 , h 3 ∈ {0, 2 5
} and k 1 , k 2 , k 3 ∈ {0, 1 7
, 5 7
}.
Proof: Since all irreducible U-modules are Z 3 -graded, the assertion immediately follows from Lemma 3.10 and Lemma 3.12.
Application to the moonshine VOA
In this section, we work over the real number field R. We make it a rule to denote the complexification C ⊗ R A of a vector space A over R by CA. Recall the construction of our VOA U in Section 4.1. In it, we only used a formula (2.6), which was shown by Goddard et al. by using a character formula in [GKO] . Therefore, we can construct U even if we work over R. To avoid confusions, we denote the real form of U by U R . We also note that the calculations on the Griess algebra of U R in Section 4.4 is still correct.
Uniqueness theorem
Definition 5.1. A VOA V over R is referred to be of moonshine type if it admits a weight space decomposition V = ⊕ ∞ n=0 V n with V 0 = R1l and V 1 = 0 and it possesses a positive definite invariant bilinear form ·, · such that 1l, 1l = 1.
Assume that a VOA V of moonshine type contains two distinct rational conformal vectors e and f with central charge 1/2. In [M3] , Miyamoto studied a vertex algebra VA(e, f ) generated by e and f in the case where their Miyamoto involutions τ e and τ f generate S 3 . In this subsection, we shall complete the classification of VA(e, f ) in [M3] in the case where the inner product e, f is 13/2 10 . CVA(ω 3 , ω 4 ), which leads the desired conclusion. Since CVA(e, f ) and CU R have unique VOA-structures, CVA(e, f ) ≃ CU R = U.
Embedding into the moonshine VOA
Let V ♮ R be the moonshine VOA [FLM] over R. It is well-known that the full automorphism group of the moonshine VOA is the Monster M, the largest sporadic finite simple group (cf. [FLM] ). Since V ♮ R is (of course) a VOA of moonshine type, its weight two subspace forms an commutative algebra, called the monstrous Griess algebra. As shown [C] and [M1] , there is a one-to-one correspondence between the 2A-involutions of the Monster and conformal vectors with central charge 1/2 in (V ♮ R ) 2 . There is a pair (e, f ) of conformal vectors with central charge 1/2 in V ♮ R such that τ e τ f defines a 3A-triality in M. It is shown in [C] that the inner product e, f of such a pair is equal to 13/2 10 . Therefore, the complexification of the moonshine VOA CV ♮ R contains a sub VOA isomorphic to U by Theorem 5.3. , 5) and we can define the 3A-triality in the Monster by the Z 3 -symmetries of the fusion algebras for these models.
